COUNTING DESCENT PAIRS WITH PRESCRIBED 
COLORS IN THE COLORED PERMUTATION GROUPS 
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Abstract. We define new statistics, (c,d)- descents, on the col- 
ored permutation groups Z r I S n and compute the distribution of 
these statistics on the elements in these groups. We use some 
combinatorial approaches, recurrences, and generating functions 
manipulations to obtain our results. 



1. Introduction 

The colored permutation group is the wreath product G r , n = 7L T \S n = 
Z™ XiS n , consisting of all the pairs (z, r), where z is an n-tuple of integers 
between and r — 1 and r G S n . The multiplication is defined by the 
following rule: For z — (z\ , . . . , z n ) and z' — (z[, . . . , z' n ) 

(z, r) ■ 0', r) = (Oi + 4-i (1) , . . . , z n + 4-i (n) ), t o r') 

(here + is taken modulo r). We usually write an element in G r ^ n as 
7r = n^n^ ■ ■ -71"™ where Cj = z w -iu\, i.e. q is the color of 

The colored permutation group G r>n can also be seen as the set of 
all permutations of the set: 

^r,n = {1) ■ ■ ■ ,n,i, . . . ,n, . . . ,1 , . . . , n ^} 

satisfying ir(i) = If TTk = vi\ we define \iik\ = i- 

The classical Weyl groups appear as special cases: the symmetric 
group Gx >n = S n and the hyperoctahedral group G 2 ,n = B n . In the last 
case, the alphabet B n is acting on can be written as S = {±1, . . . , ±n} 
or as S = {1, . . . , n, 1, . . . , n}. 

On the symmetric group S n , a descent pair of a permutation % G S n 
is a pair (i, i + 1) such that 7Tj > 7i i+ i. The descent set of a permutation 
7r = txitx 2 • • • 7r n G S'n, denoted by Des(7r), is the set of indices i such that 
(z, i + 1) is a descent pair. The number of descents in a permutation tt, 
denoted by des(7r) = |Des(-7r)|, is a classical permutation statistic. This 
statistic was first studied by MacMahon [6] almost a century ago, and 
it still plays an important role in the study of permutation statistics. 
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Kitaev and Remmel [5] counted descents in S n according to the parity 
of the first or second element of the descent pair. In [4] , they generalize 
it to the case where the first or the second element in the descent pair 
is divisible by k for some k > 2. Some more research was done in the 
direction of studying the corresponding distribution for words [HO [3]. 

In this paper, we introduce new statistics, positive descent, negative 
descent and pn-descent on B n , which depend on the signs of the first 
or the second element of the descent pair. 

We get the following results: 

Proposition 1.1. The number of signed permutations in B n with ex- 
actly m pn-descents is given by n\( ^t, ). 

Proposition 1.2. The number of signed permutations in B n with ex- 
actly m positive (negative) descents is given by 



1 3 ( 

j2 x)(- i ) <+i+fc+n+mjfen+i_< ( i -jy\ 

i>0 j=0 k=0 ^ 



n \ / i \ 1 3 \ I n - i 
i - 3 J W \k) V m 



We generalize the studying of these statistics to the colored permuta- 
tion group G> jn . We define for each two colors c < d the (c, d) — descent 
and compute the number of elements of G> jn having a fixed number of 
(c, d)— descents. 

We get the following results: 

Proposition 1.3. The number of colored permutations in G r , n with 
exactly m (c, d)-descents, 0<c<d<r — 1, is given by 



\ n y( m + J )( 3 

3 J \ n ~ 2m — j ' 



n 

3=0 



n-j 



Proposition 1.4. The number of colored permutations in G r , n with 
exactly m (c, c) -descents, < c < r — 1, is given by 



n—m ] 



v ^ x - x - fj\ fi\ fn - j\ (-l) n+m ^'(l - r y- k k n -i +i 

j=0 i=Q k=0 



i J \k J \ m J (n — j + i)\ 



The paper is organized as follows. In Section [21 we define positive 
and negative descents on B n and (c, d)— descents on G> jn . In Section [31 
we enumerate the positive, negative and pn-descents on B n , so we prove 
Propositions 11.11 and 11.21 In Section HI we enumerate (c, (i)-descents in 
G> jn for c < d, so we prove Propositions 11.31 and 11.41 
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2. New descent statistics on B n and G r , n 

Assume that the alphabet E = {1, . . . , n, I, . . . n} of B n is ordered as 

!<•••< n(< 0) < 1 < • • • < n. 

We say that a signed permutation n E B n has a positive (resp. negative) 
descent at the index z if 7Tj > 7r i+ i > (resp. > i\i > 7Tj+i), and 7r has a 
pn-descent if 7ij > > 7r i+1 . The number of positive descents, negative 
descents and pn-descents in ir are denoted by pdes(-7r), ndes(7r) and 
pndes(7r), respectively. For example, if tt = 14375628, then pdes(7r) = 
1, ndes(7r) = 1 and pndes(7r) = 2. In Section [31 we give explicit 
formulas for the number of permutations in B n with exactly m positive 
descents (resp. negative descents, pn-descents). 

Fix the following order on £ r , n : 

![r-l] < 2 [r-l] < ... < n [r-l] < . . . < ^l] < . . . < < ^O] < . . . < 

We extend our new statistics to the group of colored permutations G> 5 „: 
Let 7r G G> >n and let c < d A (c, d) — descent is a descent in position i 
such that 7r(i) is colored by c and 7r(i + l) is colored by d. For example, 
if 7T = eWU^Wll 2 ], then tt has two (1, 2) -descents: z = 1 and 
i = 4, a (0, 1)— descent: z = 3 and a (2, 2)— descent: i = 5 . The number 
of (c, d)— descents in 7r is denoted by des Cj d(7r). In Section HJ we study 
the generating function for the number of colored permutations in G> jn 
having exactly m (c, d)— descents. 

3. Positive, negative and pn-descents in B n 

In this section, we find a formula for the number of signed permuta- 
tions in B n with exactly m positive descents (resp. negative descents, 
pn-descents). Using the bijection 7Ti7r 2 . . .7r n i— ► (— 7Ti)(— 7t 2 ) . . . (— 7T n ), 
we have that the number of permutations in 5 n with exactly m positive 
descents is equal to the number of permutations in B n with exactly m 
negative descents. In the following two subsections, we enumerate the 
signed permutations in B n according to the number of pn-descents and 
positive descents. 

3.1. pn-descents. In this section, we prove Proposition II. 1[ 

Let 7r = 7Ti7T2 - • • 7T n G B n . A block in ir is a subsequence 7Tj7rj +1 • ■ ■ ir j 
of 7r such that for all k G [z, j], 7Tfc has a common sign. A block is called 
positive (resp. negative) if 7Tj > (resp. 7Tj < 0). The cardinalities 
of the blocks form a composition of n. For example, if it = 34152768, 
then the corresponding blocks of 7r are {3, 4}, {1, 5}, {2, 7, 6}, {8} while 
the corresponding composition is: (2,2,3, 1). A simple observation is 
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that the pn-descents appear exactly in the transitions from a positive 
block to a negative one. Hence, in order to enumerate the pn-descents, 
we have to enumerate these transitions. 

We denote the number of blocks in 7r by b(n). Given a signed per- 
mutation 7r, we have: 



pndes(7r) 




q 



b(n) = 0(mod 2), first block is positive 
1 b(n) = 0(mod 2), first block is negative 
6(tt) = l(mod 2) 

Hence, in order to enumerate all the elements of B n having a given 
number of pn-descents, we first have to go over all the compositions of 
n into non-trivial parts. Such a composition gives the structure of the 
blocks. Note that we have two possibilities according to the sign of the 
first block. Then we can fill in the numbers in n\ ways. We denote by 
Comp(n) the set of compositions of n into non-trivial parts. Thus, we 
have: 

|A| 



pndes(-7r) 



+2n\ 



q 2 1 + n! ^2 1 2 + 

A G Comp(n) A £ Comp(ra) 
|A| even |A| even 

q 2 = 



E 



A £ Comp(n) 
|A| odd 



n\ 



LfJ 

E E 

fe=l A e Comp(n) 
|A| = 2k 



E 

k=l 



n 



n 



- 1 
2k 



1 + - 



q K 1 + 



LfJ 



2 E E 



k=0 A 6 Comp(n) 
|A| = 2k + 1 



I - I 

n-E 



k=0 



n 



n 



1 

2k - 1 



By the Pascal identity ( a fe 1 ) + = (^), we have that the coeffi- 
cient of q m , m G {0, . . . , |_§ J }, is given by 

1 



??•! 



n — 1 \ / n — 1 \ / n — 1 

+ 2 + 
ri — 2m / V n — 2m — 1 / V n — 2m — 2 



n l 



n 



n — 2m, 



as stated in Proposition 11.11 



3.2. Positive and negative descents. In this section, we find a for- 
mula for the number of signed permutations with exactly m positive 
descents. 
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Let 

Pn(q) = E ^ PdeS(7F) 

be the generating function for the positive descents in B n . 

In order to find a recurrence for p n (q), we define two more generating 
functions: 

pM = E ^ pdcsW 

TTeB„, 7Tl>0 

Pn(q) = E ^ pdcsW 

TTeBn, 7Tl<0 

Note that p n (g) = + 

Let 7r G £? n . If |7r n | = n, denote tx = 7rV n and we have 

pdes("7r) = pdes(7r'). 

Otherwise, let j < n be such that = n. Denote: n = n'-Kjii" G 
B n . If iTj = n, then pdes(7r) = pdes(7r') + pdes(7r"). If %j = n, we have 
two cases depending on the sign of n'{ (the first element of n"): 

pdesf n) = { Pd6s(7r,) + P des ( 7r ") < < 

1 ' \ 1 + pdes(7r') + pdes(7r") otherwise 

Since there are no restrictions on the positions of the digits 
1,2,. — 1, we have the following recurrences: 

Lemma 3.1. For all n>\, 



Pn{q) = 2Pn-l(q) + E [■ _ ijPj-litiPn-jiq) + 

j= i \3 / 
+ E _ ijPi-litiiPn-jiQ) + qPn-j(q))i 

Pn (q) = 2 Pn-i(q) + E (J _ ! J^ + -i(?K-i(^) + 



J'=2 

n— 1 



/n - 1\ 

+ E ( a _ i )p'$-M(Pn-M) + qPn-j(q)), 

.7=1 ^ ' 



Proof. In both expressions, the first summand corresponds to the case 
|7r n ] =77, the second corresponds to the case %j = n for some j, 1 < 
j < 77 — 1, and the third corresponds to the case %j = n for some j, 
1 < j < n - 1. □ 
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In order to find an explicit formula for p n {q), we rewrite the above 
recurrences in terms of exponential generating functions. Define: 



P(x, q) = YV(g)-r, P + (x, q) = Vp+(g) 7 

n>0 

P~(x,q) = ^2p~{q) 



x 



n>0 

Since p n (q) = Pn(q) + Pn{l)i we nave that P(x,q) = P + (x,q) + 
P~(x,q). Moreover, for all n > 1, Lemma [3.11 gives: 

dx\ n\ J (ra-1)! ' ^ j\ (n-l-j)! 

, n-l V^ Pj(g) Pn-l-j(g) +gPn-l-j(g) 

^ j! ' (n-l-j)! 

^n(g)^ = Pn-l(g) x n-l , Pn-l-j(g) 

ob V n! / (n — 1)! ^ j! (n-l-j)! 

^ j! (n-l-i)! 

Summing over all n > 1 and using the initial conditions po(<?) = 
Po (?) = 1 an d Po (?) = 0' we § e ^ that: 

P(x,q) = P + (x,q) + P~(x,q), 

^(P(x,q)) = (l-q)P(x,q) + (P(x,q)) 2 + P(x,q)p-(x,q) + 
ax 

+qP(x,q)P + (x,q), 

A-(P + (x,q)) = (l-q)P + (x,q)- P(x,q) + P + (x,q)P(x,q) + 
ax 

q)P~(x, q) + q(P + (x, q)f . 

Using any mathematical programming package, such as Maple or Math- 
ematica, we obtain the following result. 

Theorem 3.2. The generating functions P(x,q), P + (x,q) andP~(x,q) 
are given by 

P{x,q) H 



P+(x,q) 



xq — x — q + e^ -1 ) 2 ' 

(l-aQ(l-g) 
xq — x — q + e( g_1 ) x ' ' 
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x(l — q) 



P (x,q) 



xq — x — q + e^ q ~^ x 
respectively. 

We now calculate: 

l-q 



P{x,q) 



xq — x — q + e^" 1 ^ 

l^q 

(a; - l)(g-l) -l + e^" 1 )* 
1 

I - ( x - 1 ~ e(9 " 1) 



E 



X 



i>0 

i 3 



9-1 
X _ e (9-l> 

9-1 



i>o j=o fc=o ^>o VJ/ v 



X 



i-j+li 



Thus, the number of signed permutations in B n with exactly m positive 
descents is n\ times the coefficient of x n q m in P(x,q). So we get that 
this number is: 

e t e(-d— «^« - (, : ,) g) ( n m ■ 

i>0 j=0 fc=0 v J/ V/ \ / \ / 

as stated in Proposition 11.21 



4. (c, gQ-descents in G rin 

In this section, we find a formula for the number of colored per- 
mutations in G r>n with exactly m (c, d)— descents, where c < d. We 
split our treatment into two cases: (c, d)— descents where c < d and 
(c, c)— descents. 

4.1. (c, (i)-descents with c < d. We give two approaches to this enu- 
meration, which give different presentations for the same number. The 
first is based on a counting argument and is actually a generalization 
of the proof of Proposition II. 1[ while the other uses recurrences and 
manipulations of generating functions, as in the proof of Proposition 
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4.1.1. Counting approach. Let ty = ty^ty^ ■ ■ - Hn^ G G r>n . Similar to 
the case of B n , define a c— block (resp. c— block) in ty to be a sub- 
sequence Trj^'^l+t 1 ' " ' 7r ] C ^ °f 71 sucn that for all k G Ck = c 
(resp. Cfc 7^ c). As in the case of B n , the cardinalities of the blocks 
form a composition of n. For example, in Gq^, with c = 2, d — 
3, if 71 = 2[ 2 l4[ 2 l5[ 3 ]l[ 4 l6[ 2 l3W, then the corresponding blocks of ty are 
{2^,4®}, {5^, lW}, {6P1}, {3W}, while the corresponding composition 
is (2,2,1,1). 

Note that (c, d)— descents can appear in the transitions from a c-block 
to a c— block, but not necessarily in all of these transitions. Hence, in 
order to enumerate the (c, d)— descents, we have to enumerate these 
transitions in a smart way. 

Recall that Comp(n) is the set of compositions of n. Let Comp clr (n) = 
Comp(?7,) x {c, c}. For each ip G Comp(n),2; G {c, c}, the element 
(</?, x) G Comp clr (n) represents the composition p where the first part 
is colored by x. 

Now, let = (<p,x) G Comp clr (?7,). We define the following parame- 
ters: 

• e v is the sum of parts in the even places of p. For example, if 
p = (2, 3, 4, 5) then e v = 3 + 5 = 8. 



k — — 



b = is the number of c— blocks and b^ is the number of 



c— blocks. Explicitly, 



M i i 

^ \p\ even 



= < 



M±i 

2 



|^| odd, x = c 
\ip\ odd, x — c, 



where |y?| is number of parts of and 6 M = \<p\ — b 
t M is the number of transitions between a c— block to a c— block. 



Define: 

A-,n(g) = J2 i dcSc ' dM 

For calculating A r , n (q), instead of running over the elements of G r . 
we run over the elements of Comp clr (n). 
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Lemma 4.1. For all n > 0, 

(1) A T%n (q) = n\ Yl (g + r-2)*"(r- l) n ~ k ^. 

£t£Comp clr (n) 

Proof. Each /x G Comp clr (n) gives rise to ra!(r — l) n elements of G> )n . 
7T G G> jn contributes a (c, oQ— descent in each transition from a c— block 
to a c— block such that the first digit of the c— block is colored by d. □ 

In order to get an explicit expression for Formula (jTJ), we treat sep- 
arately Comp(n) x {c} and Comp(n) x {c}. 

Let n = ((p, c) G Comp(n) x {c}. 

We split the contribution into three cases according to \<p\. 

(1) \tp\ = 1: In this case we have = n and = 0, thus its 
contribution is: 



n\ (g + r-2)*"(r- 1)™"^-*" = n!. 

= (ip, c) G Comp clr (n) 

H = i 

(2) even: In this case, can vary in {1, . . . ,n — 1} and hence 
6^ G {1, . . . , k^}. Moreover, = t M = & M . Then we have that 
the contribution is: 



(g + r-2)*"(r- 1) 



= (t£, c) E Comp clr (n) 
\ip\ even 



1 / /c — 1\ fn — k — 1 



\n—k—b 



= n\ 

fc=l 6=1 

Note that the first binomial coefficient corresponds to the 
choice of dividing the k digits colored by c into b non-empty 
blocks, while the second binomial coefficient corresponds to the 
choice of dividing the remaining n — k digits (which are not 
colored by c) into b non-empty blocks. 
(3) \tp\ > 1 odd: In this case, k^ can vary in {2, . . . , n — 1} and 
hence & M G {2, . . . , k^}. Moreover, b^ = b — l.t^ = b^ — 1. Then 
the contribution is: 



Y (g + r-2)*"(r- L 



= (<p, c) 6 Comp clr (n) 
|<p| odd 
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'k — 1 \ / n — k — 1 



n 

k=2 6=1 



Now, let us treat the set Comp(n) x {c}. Let /i = (</?, c) G Comp(n) x 
{c}. 

As in the case of Comp(n) x {c}, we split the computation into three 
cases according to \<p\: 



(1) M = l = 



n! 



^ (g + r - 2)*"(r - \) n - k ^ = n \(r - If. 



fi = (if, c) g Comp clr (n) 



(2) \tp\ even: In this case, k^ G {1, . . . , n — 1} and hence 6 M G 
{!,..., k/j}. Moreover, 6 M = = — 1. Then we have: 



n! (g + r-2)*"(r-l) T 

= (ip, c) e Comp ck (n) 
<p even 



-it(::i)(rj::)( ? -^-.)— 

fc=l 6=1 \ / \ / 

(3) \<f\ > 1 odd: In this case, k^ can vary in {1, ... ,n — 2} and 
hence 6 M G {2, . . . , k^}. Moreover, 6 M = + 1, t M = 6 M . Then 
we have: 



71! 



(g + r-2) t "(r- 1)' 



= (if, c) € Comp clr (n) 
\(p\ odd 



fc=l 6=1 v / v 7 



Summing up all the ingredients, we get: 
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A rin (q) = n!(l + (r-l) n ) + 

n— 1 k 



fc=l 6=1 
n— 1 A: 

n— k— 6+1 

s I i / / ' ; I i 1 i 

A; — b ) \n — k — 6 + 1 



fe=l 6=1 v 

+" ! EE(D(VV r - 2) ' (r - ir "'' 

fe=l 6=1 ^ 7 ^ 7 

Hence, we get the following result: 

Proposition 4.2. The number of colored permutations in G> jn with 
exactly (c, d) -descents, < c < d < r — 1, is: 

K i 4^)- ! EE(:)("; fc )(-^- 1 )- 

v 7 k=l 6=1 V 7 V 7 

T/ie number of colored permutations in G r>n with exactly m > 
(c, d)- descents, 0<c<d<r — 1, is given by: 

»EE(:)c; fc )(:)(-^ ( .-ir" 

k=l 6=1 v 7 v / \ / 

The numbers given in the last proposition turn out to be the same 
as in Proposition 11.31 

4.1.2. Recursive approach. In this section, we find an explicit formula 
for A r n (q) by using a recursive approach. 
Recall that 

1T£Gr,n 

and define: 

A r>n (q;c 1 )= ^ dCSc ' dW 

■K&G r ,n, Cl(n) = Cl 

and 

A-,«(g;ci,c 2 )= ^ g des ^«. 

1T&Gr,n, Cl(7r) = Cl,C2(7r)=C2 



Tr'(i) 
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By the definitions, we have 

r-1 

(2) A r , n {q) = J2 A rAq]j). 

j=0 

Define the following two maps: 

• For 7r G G r>n , define 7r' G G> in _i by 

n(i + 1) ir(i + 1) < tt(1) 

7t(z + 1) - 1 7T(« + 1) > 7r(l) 

The idea for defining 7r' is as follows: Write ir in its complete 
notation, i.e. as a matrix of two rows. The first row of ir' 
is (1, 2, . . . , n — 1), while the second row is obtained from the 
second row of ir by ignoring the digit 7r(l) and the other digits 
are placed in an order preserving way with respect to the second 
row of IT. 

• For 7T G G>,n, define 7r" G G>, n -2 by 

(7r(i + 2) ?r(i + 2) < min{7r(l),7r(2)} 

tt(z + 2) - 1 min{7r(l), tt(2)} < tt(z + 2) < max{7r(l), tt(2)} 
tt(2 + 2) — 2 7r(i + 2) > max{^(l),7r(2)} 

ir" differs from 7T ; only in the fact that the first row of ir" is 
(1, 2, . . . , n — 2) and in the second row we ignore the digits 7r(l) 
and ?r(2). 

Let 7r G G> jn be such that Ciijr) = j with j ^ c. Since each 
(c, d)— descent starts by an element colored by c, we have des Ci d(7r) = 
des Ci rf(7r'). Therefore, A rjTl (q; j) = n,A r>n ^i(q) for each j ^ c. Hence, 
Equation (|2J) gives 

r-1 

(3) A-,n(g) = 7, A-,n(<?; j) = (r - l)nA rjTl _ 1 (g) + A r>n (q; c). 
Again, by the definitions, we have for all 1 < i < n: 

r-1 

(4) A r ,n(g;c) = ^ A S n(g;c, s) + A r>n (g;c,c) + A r>n (q;c,d). 

s = 

s 7^ c,d 

Now, let 7r G G> in be such that Ci(7r) = c, 02(71") = s. 
Then we have: 

des Cid (7r") c,d 

des C)d (ir) = { des Cjrf (V) s = c 

des Cj d(n") + 1 s = d. 
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r,n 
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Thus from Equation (BJ, we get: 

A-,n(g; c) = (r - 2)n(n - l)A r!n _ 2 (<?) + n,4 r ,n-i(<?; c) + 

- l)A^ n _ 2 {q) = 
= (q+(r- 2))n(n - l)A r ^ 2 {q) + nA-,n-i(<?; c). 

By substituting A r ^ n (q\ c) from Equation ([3]) twice, we obtain the 
following recurrence: 

A r ,n{q) - (r - l)nA r>n _i(g) = nA-,n-i(<?) + (g - l)n(n - l)A rjn _ 2 (g) 

which is equivalent to: 

ArAl) = rnA T)n _i(q) + (q - l)n(n - l)A rjn _ 2 (g), 

for all n > 1. 

In order to get an explicit formula for the number of colored per- 
mutations in G r>n with exactly m (c, (i)-descents, we rewrite the above 
recurrence relation in terms of generating functions. Define: 



By the above recurrence, and using the initial condition A r ^(q) = 1, 
we get that: 

A r (x, q) = 1 + rxA r (x, q) + (q - l)x 2 A r (x, g), 
which is equivalent to: 




n>0 



1 



1 



A r (x,q) 



l — TX+X 2 



1 — rx — (q — l)x 2 





which implies: 




t>0 j>0 




Hence, the coefficient of x n q m in A r (x, q) is given by: 




n — 2m — j 



J 
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as stated in Proposition 11.31 



Substituting r = 2 in Proposition 11.31 and comparing with Proposi- 
tion II. H we obtain the following identity: 



Z— ✓ \ t / \ n _ 2m — 7 / V n — 2m 



j=0 



4.2. (c, c)-descents. Let 7r = ■••in £ G> ; „. Using a map / : 
G> 5 „ — > G T<n which takes each colored digit to ilCJ +1 ) ( mod r )J we obtain 
the following : 

Observation 4.3. For each color c 6 {0, . . . , r— 1}, £/ie number of col- 
ored permutations with exactly m (c, c) -descents is equal to the number 
of colored permutations with exactly m (0, 0)-descents. 

By the above observation, it suffices to find the generating function 
for the number of colored permutations in G> jn having (0, 0)-descents. 

Let 

In order to find a recurrence for g r>n (q), we will use the following nota- 
tions: Define 

gtM = E 4 dcso ' o(7r) > 

7r€GV,n, Cl(7r)=Q 



^„(?) = E « deso ' 0(7r) - 

Using similar arguments as in the proof of Lemma 13.11 we get the 
following lemma. 
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Lemma 4.4. For all n > 1, 

n-l / _ jx 

9r,n{q) = rg r>n -i{q) + {r-l)^( _ jg r!j -i(q)g r)n - j (q) + 

+ (j _ ! J 9r,j-l(q)(9r,n-M + W^n-M)); 

9t,M) = r 9r,n-l((l) + ( r - !) ^ _ l j9?j-l(Q)9r,n-j(q) + 
n-l / _ 

+ 2 ( ■ _ 1 ) 9r,j-l(q)(9r,n-j(q) + Wjn-j^))) 

^n(g) = ffj n (g)+^n(g)- 

In order to find an explicit formula for g rt n(q), we rewrite the above 
recurrences in terms of exponential generating functions. Define 

G r (x,q) = yVn(g)^-r, G+(x,q) = V^ n (g)^T, 

n>0 n>0 



EX 
97, n {q)—^- 



n>0 



By similar manipulations to the ones presented in the discussion 
preceding Lemma [3. 2\ we obtain: 

Theorem 4.5. The generating functions G r (x, q), G+(x, q) andG~(x, q) 
are given by 

G r (x,q) 
Gt(x,q) 
G~(x,q) 



l-q 


(1 


-x){l 


-q)-(r- 


1) + e(«- 


-1)2 ' 






(l-x)(l- 


(?) 




(1 


-x)(l 


-q)-(r- 


1) + e(«- 


-l)x 






x(l — q) 






(1 


-x)(l 


-q)-(r- 


1) + e(i- 


-l)x 



In order to obtain an explicit formula for the number of colored per- 
mutations in G> jn with exactly m (c, c)-descents, we find the coefficient 
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of x n q m in G r (x, q): 



G r (x,q) 



i 




j>0i=0k=0 



j>0 i=0 k=0 £>0 



Thus the coefficient of x n g m in G r (x, q) is given by 




This implies that the number of colored permutations in G r ^ n with 
exactly m (c, c)-descents is 
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as stated in Proposition 11.41 
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